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The success of laser and electron beam-based fabrication processes for additive manufacture
and repair applications requires the ability to control melt pool geometry while still maintaining a
consistent and desirable microstructure. To this end, previous work by the authors has employed
point heat source solutions to investigate the effects of process variables (beam power and velocity)
on melt pool geometry and solidification microstructure (grain size and morphology) in beam-
based fabrication of bulky 3-D structures. However, these results were limited to steady-state
conditions away from free-edges. The current work extends the approach to investigate transient
behavior in the vicinity of free-edges, and follows the authors’ recent work for 2-D thin-wall
geometries [1].
Introduction
Both laser and electron beam-based manufacturing are under consideration for aerospace appli-
cations, for which the ability to obtain a consistent and desirable microstructure is of critical con-
cern [2–6]. Specific applications for these processes include fabrication of complex parts, addition
of features to existing components and repair of damage or defects. While beam-based additive
manufacturing offers the promise of increased efficiency and flexibility compared to conventional
manufacturing, widespread commercialization of these processes requires the ability to predict and
control melt pool size and solidification microstructure. In particular, the mechanical properties of
the deposited material are strongly dependent on the solidification microstructure (grain size and
morphology), which is controlled by the thermal conditions at the onset of solidification.
The analysis presented herein is based on the 3-D Rosenthal solution for a moving point
heat source [7]. The Rosenthal solution was first applied to laser based deposition processes by
Dykhuizen and Dobranich [8,9]. The subsequent identification of dimensionless process variables
by Vasinonta et al. [10, 11] led to the development of thermal process maps for predicting trends
in solidification microstructure by Bontha et al. [12–16]. The Rosenthal solution is applicable
for semi-infinite geometries, however it does not address the response in the vicinity of a free-
edge. Through direct thermal imaging of the melt pool, Rangaswamy et al. [17] observed that an
increase in melt pool size occurs upon approaching a free-edge, without any change in process
variables. Aggarangsi et al. [18] developed thermo-mechanical finite element models to under-
stand and control the increase in melt pool size in the vicinity of a free edge. Tan et. al. [19]
have recently used a superposition approach to investigate the transient temperature behavior in
the vicinity of free-edges as a function of dwell time and other process variables. It should finally
be noted that nonlinear thermo-mechanical finite element modeling of laser deposition processes
has also been used to predict steady-state melt pool behavior and residual stress [10, 11, 20–22],
as well as to establish the utility of the Rosenthal solution for predicting trends in solidification
microstructure [12–16].
In this work, the effect of free-edges on melt pool geometry and solidification microstructure is
investigated for bulky 3-D geometries, and is a direct extension of the authors’ prior work for 2-D
thin-wall geometries [1]. Through superposition of the Rosenthal solution, a closed-form solution
for the temperature distribution in the vicinity of a free-edge is obtained. Melt pool contours are
plotted as a function of distance from the free-edge for both small-scale and large-scale (higher
power) processes. In addition, cooling rates and thermal gradients at the onset of solidification
are numerically extracted throughout the depth of the melt pool, and are subsequently plotted
on solidification maps for predicting trends in grain size and morphology for Ti-6Al-4V. Finally,
finite element analysis is performed to verify the validity of the closed-form solution, as well as to
investigate solidification behavior when the beam reaches the edge and is turned off.
3-D Rosenthal Solution
This study considers the bulky 3-D geometry of Fig. 1, in which the process variables of
interest are the absorbed beam power αQ and velocity V . It is assumed that the height h, length L
and width b are sufficiently large such that the steady-state Rosenthal solution for a moving point
heat source applies.
Figure 1: Bulky 3-D Geometry
For the geometry of Fig. 1, the temperature at a point relative to the position of the point heat





































In the above normalizations, T is the temperature at a location (x0,y0,z0) relative to the mov-
ing point heat source and T0 is the initial temperature of the substrate. The relative coordinates
(x0,y0,z0) are related to fixed spatial coordinates (x,y,z) at any time t as (x0,y0,z0)=(x−Vt,y,z),
where V is the velocity of the beam. Also in eq. (4), the thermophysical properties ρ , c and
k are the density, specific heat and thermal conductivity of the material, which are assumed to be
temperature-independent. In the subsequent sections, results are presented for both small-scale and
large-scale processes, which are characterized in terms of the dimensionless melting temperature








Closed-Form Solution in Vicinity of Free-Edge
For the case of temperature-independent properties, a closed-form solution for the temperature
distribution in the vicinity of the free-edge can be modeled by superposition of two point-heat
sources approaching one another, with the line of symmetry representing the free-edge. This is
because the symmetry condition is equivalent to thermal insulation, which is essentially the case
at the free-edge. This of course assumes that convection and radiation are negligible compared to
conduction, which is generally well accepted for beam-based deposition processes.
Figure 2: Free-Edge Representation
A schematic of the superposition approach along the mid-plane y0 = 0 is shown in Fig. 2.
The dimensionless distance from the free-edge is represented by the parameter a. The normalized











It is important to note that a/l has the same value as a/l, since the nondimensionalization cancels
out. As evident from Fig. 2, the effect of the second heat source can be obtained by replacing x
with the quantity (2a-x) in the Rosenthal solution of eq. (1). Along the mid-plane y0 = 0, the



















(2ā− x̄0)2 + z̄20
. (5)
As discussed in [12–16], the microstructure (grain size and morphology) of deposited metals
depends on cooling rates and thermal gradients at the onset of solidification (i.e., along the trailing
boundary of the melt pool). In the vicinity of the free-edge, expressions for the dimensionless
cooling rate and thermal gradient can be obtained through analytical differentiation of eq. (5). As












(x̄− t̄)2 + z̄20
1+ (x̄− t̄)(√(x̄− t̄)2 + z̄20) +
(x̄− t̄)(












((2ā− x̄)− t̄)2 + z̄20
1+ ((2ā− x̄)− t̄)(√((2ā− x̄)− t̄)2 + z̄20) +
((2ā− x̄)− t̄)(
((2ā− x̄)− t̄)2 + z̄20
)
 .
In eq. (6), the dimensionless variable x̄ is related to the relative coordinate x0 by the relationship
x = x0 + t̄, where the dimensionless time t̄ is defined as t̄ = t2k/ρcV 2 . The dimensionless thermal
















are obtained by differentiating eq. (5) and are given in [23].






















|∇T | . (9)
Representative Results for Bulky 3-D Geometry
This section includes representative dimensionless results which illustrate the effect of the free-
edge on melt pool geometry and solidification microstructure for both small-scale and large-scale
processes. For each case, the melt pool geometry is plotted a function of distance from the free-
edge. In addition, the dimensionless cooling rate and thermal gradient are numerically extracted
and evaluated along the trailing edge of the melt pool. Results are subsequently plotted on solid-
ification maps for Ti-6Al-4V. In so doing, the thermophysical properties are assumed constant at
the melting temperature Tm = 1654◦C, while the absorption coefficient is assumed to be α = 0.35.
Finally, the velocity is held constant at V = 8.47 mm/s. The above values are in keeping with those
used in the authors’ prior work [1, 6, 12–16].
Effect of Free-Edge for Small-Scale Processes
Dimensionless melt pool geometries are shown in Fig. 3 for the case of T m = 2.88. With the
parameters specified above, this corresponds to a beam power of Q = 325 W. The steady-state
Rosenthal melt pool is seen on the far left. The melt pool is an almost circular cross section and
increases in size as the point heat source approaches the free-edge.
Figure 3: Small-Scale Process Melt Pool Geometry, T m = 2.88
(a) Small-Scale Process Cooling Rate (b) Small-Scale Process Thermal Gradient
Figure 4: Small-Scale (a) Cooling Rate and (b) Thermal Gradient
Representative results for the dimensionless cooling rate are plotted in Fig. 4 (a) as a function
of relative depth within the melt pool for selected values of a/l. The relative depth within the
melt pool varies in the range 0 ≤ z0/zm≤ 1, where zm is the maximum depth of the melt pool for
the given value of T m. As seen in the figure, the cooling rate decreases (and ultimately becomes
negative) as the point heat source approaches the edge. This is in keeping with the increase in melt
pool size illustrated in Fig. 3, which is somewhat analogous to an increase in incident energy. The
negative cooling rate signifies heating (as opposed to cooling) of the melt pool boundary, as there
is nowhere for the heat to go at the free-edge. Representative results for the dimensionless thermal
gradient are shown in Fig. 4 (b). The thermal gradient decreases as the beam approaches the free
edge, which is again analogous to an increase in incident energy. However, the thermal gradient
appears to be somewhat less sensitive to the free edge than the cooling rate, particularly near the
surface of the deposit.
Effect of Free-Edge for Large-Scale Processes
Figure 5: Large-Scale Melt Pool Geometry, T m = 0.1
(a) Large-Scale Process Cooling Rate (b) Large-Scale Process Thermal Gradient
Figure 6: Large-Scale (a) Cooling Rate and (b) Thermal Gradient
Dimensionless melt pool geometries are shown in Fig. 5 for the case of T m = 0.1. With
the parameters previously specified, this corresponds to a beam power of Q = 9332 W, which is
within the range of high powers used in large-scale processes. Compared to the near-circular cross
sections of the small-scale melt pools, the large-scale melt pools have an elongated, surf board-
type shape. As the melt pool approaches the free-edge the size does not observably change. This
is because the trailing edge of the melt pool is so far away from the free-edge that the insulated
condition has little effect on the overall melt pool geometry. The dimensionless cooling rate and
thermal gradient for the large-scale process can be seen in Fig. 6. As shown in the figure, both the
cooling rate and thermal gradient are insensitive to the beam approaching the free-edge, which is
consistent with the negligible change in melt pool geometries shown in Fig. 5.
Finite Element Analysis
Finite element analysis has been used to include the nonlinear effects of temperature-dependent
properties and latent heat, as well as to investigate the solidification behavior when the beam
reaches the free-edge and is subsequently turned off. In order to reduce computation time, a 2-D
axisymmetric finite element model is used instead of a 3-D finite element model. The axisymmet-
ric modeling approach used herein is similar to that used for bulky 3-D geometries by Birnbaum
et al. [24] and Aggarangsi et al. [25]. A representative mesh is shown in Fig. 7, and follows pro-
cedures outlined in [15]. The axisymmetric axis is the axis parallel to the direction of the moving
point heat source, so that the cylindrical coordinates (z,r) in Fig. 7 correspond to the Cartesian co-
ordinates (x0,z0) in Fig. 1. In the axisymmetric model, the point heat source is modeled as moving
through the center of a large solid that is twice the geometry actually shown. This is because the
top surface of the bulky 3-D geometry is insulated, which is equivalent to a symmetry condition
at z = 0. Therefore the laser power must be twice the actual for the 3-D geometry being modeled.
In order to accomplish this a=0.7 is used instead of a=0.35. This model allows for higher mesh
resolution and shorter computation time, with no additional error.
Figure 7: Representative 2-D Axisymmetric Finite Element Mesh for Transient Analysis
Figure 8: Melt Pool Contours Approaching Free-Edge
Representative melt pool contours are shown for the case of T m = 2.88 in Fig. 8. The results
from the finite element analysis (left) compare well with results from the closed-form solution
(right), which are also shown in Fig. 3.
Effect of Free-Edge on Grain Morphology
As discussed in [1, 12–16, 26], results for solidification thermal gradient and cooling rate can
be interpreted in the context of a solidification map to provide predictions of grain size and mor-
phology in Ti-6Al-4V. Given the solidification cooling rate ∂T
∂ t and thermal gradient G = |∇T|, the







The expected grain morphology can be predicted as either equiaxed, columnar or mixed by
plotting points in G vs. R space (i.e., on the “solidification map”), which has been previously
calibrated for Ti-6Al-4V [26].
(a) Small-Scale Solidification Map, T m = 2.88 (b) Large-Scale Solidification Map, T m = 0.1
(c) Small-Scale FEA Results, T m = 2.88
Figure 9: Solidification Maps for (a) Small-Scale Processes (b) Large-Scale Processes and (c)
Small-Scale Finite Element Results
Solidification maps showing the effect of free-edges on predicted grain morphology for both
small-scale and large-scale deposition of bulky Ti-6Al-4V deposits are shown in Fig. 9. The
values of G and R plotted in Fig. 9 (a) and (b) are extracted from the dimensionless cooling rate
and thermal gradient plots of Figs. 4 and 6, with thermophysical properties at 1654◦C and process
variables as previously noted. The values of G and R plotted in Fig. 9 (c) are extracted directly
from the finite element analysis, with temperature-dependent properties for Ti-6Al-4V.
For the small-scale process of Fig.9 (a), the microstructure remains in the fully columnar region
as the free-edge is approached. However, the free-edge acts to decrease both the solidification rate
and thermal gradient, which causes an increase in grain size. So as the free-edge is approached,
results suggest a trend toward columnar grains of increasing size.
For the large-scale process of Fig. 9 (b), there is very little change in solidification microstruc-
ture as the beam approaches the free-edge. This is expected based on the results of Fig. 6. For all
distances from the free-edge there is a grading of the microstructure throughout the depth of the
deposit, with a transition from columnar to mixed/equiaxed microstructure at the surface. This is
in keeping with results of the authors’ prior work [16].
From the small-scale finite element results of Fig. 9 (c), it is clear that the data points from both
the steady-state and transient melt pools fall in the fully columnar region, which is in keeping with
the results of Fig. 9 (a). However, results also suggest that a transition to equiaxed microstructure
can occur when the beam is turned off at the free-edge (stationary melt pool). Results not shown
here reveal a similar effect when the beam returns from the free-edge [23]. Thus, even for small-
scale processes, the potential for an equiaxed microstructure exists right at the free-edge.
Summary and Conclusions
This study has considered the effect of free-edges on solidification microstructure (grain size
and morphology) in beam-based fabrication of bulky 3-D structures. Based on superposition of the
steady-state Rosenthal solution for a moving point heat source, a closed-form solution has been
presented for the thermal history in the vicinity of a free-edge. Dimensionless cooling rates and
thermal gradients have been extracted from the closed-form solution and plotted as a function of
normalized distance from the free-edge, for both small-scale and large-scale processes. In addition,
finite element analysis has been used to include the nonlinear effects of temperature-dependent
properties and latent heat, as well as to investigate stationary melt pool behavior when the beam
is turned off at the free-edge. Results from both the closed-form and FEA solutions have been
plotted on solidification maps for predicting grain size and morphology in Ti-6Al-4V. For small-
scale processes, results suggest that melt pool geometry may be more sensitive to free-edges than
the solidification microstructure. This suggests that the control of melt pool size may be possible
without affecting microstructure, which is an important result for process developers. Results
further suggest that for large-scale processes, both melt pool geometry and microstructure are
insensitive to the beam approaching free-edges. Finally, results suggest that a substantial free-
edge effect is possible at the very end of a pass, when the beam either returns from the free-edge or
is shut off. In particular, results suggest that even for small-scale processes, a transition to equiaxed
microstructure is possible at free-edges.
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